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Plastic deformation is size dependent, this is observed in experiments and simulations and has a fundamental
effect in crystalline materials with average grain size in the nanometer range. Recent experiments show that
plastic deformation is not only affected by the average grain size but also by the grain size distribution. One of
the most notorious aspects is that nanocrystalline metals recover plastic strain after unloading. Here, we
perform numerical simulations that show that plastic strain recovery is driven by the inhomogeneous stress
distribution observed in samples with large variations in grain size. Our model predicts that the fraction of
plastic strain recovery increases with the macroscopic strain applied to the sample and that the recovery rate
increases as the volume fraction of larger grains decreases.
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I. INTRODUCTION

The mechanical response of polycrystalline metals is
largely affected by their microstructure. It is observed that
the yield stress of a polycrystalline metal increases as the
grain size decreases following a power law. This is known as
Hall-Petch effect.1–5

On the other hand, the effect of the grain size distribution
in the mechanical response has not been well established.
Recent experiments in nanocrystalline thin films6–8 show that
plastic strain is recovered under macroscopically stress-free
conditions. The authors suggest that a broad grain size dis-
tribution produces a highly heterogeneous stress distribution
and this is responsible for plastic strain recovery.

Rajagopalan et al.6,7 conducted experiments in nanocrys-
talline aluminum and gold thin films with an average grain
size of 65 nm and 50 nm, respectively. Both materials re-
cover 50–100 % of plastic strain after unloading. Another
feature observed in these experiments is that once the strain
is recovered the specimen shows no residual hardening dur-
ing the next loading. X-ray and deformation studies on crys-
talline aluminum with a bimodal distribution of grains �with
grains in the range 40–400 nm� also suggest that plastic
strain recovery requires the presence of sufficiently small and
big grains to generate inhomogeneous stress distribution in
the sample.8 These findings reveal that the average grain size
itself is not enough for a complete characterization of the
microstructure in nanocrystalline materials but the grain size
distribution should also be considered.

In this paper I present dislocation simulations of plastic
deformation of polycrystalline materials with bimodal distri-
bution of grains. The evolution of the dislocations is simu-
lated with a phase field dislocation model.9–11 The simula-
tions show that large grains deform plastically while in the
smaller grains the onset of plastic deformation occurs at
larger applied stresses causing a inhomogeneous distribution
of stress in the sample after plastic deformation.

After removal of the applied stress the stress in the small
grains remains with the same sign that the applied stress
while the stress in big grains changes sign. Therefore, at
macroscopically zero stress, dislocations are under the influ-
ence of local stresses and by a thermally activated creep they

relax the energy of the system resulting in macroscopic strain
recovery. This effect is observed in our simulations only in
the presence of a large grain size distribution in agreement
with experiments.6–8

Our model also predicts that the rate of plastic strain re-
covery increases as the volume fraction of larger grains de-
creases and that the fraction of plastic strain recovered in-
creases with the macroscopic applied strain. The later
prediction is in agreement with experimental observation.8

Experimental data to validate the former prediction is still
not available.

II. PHASE FIELD DISLOCATION MODEL

The evolution of the dislocations in the grains are simu-
lated with a phase field dislocation �PFD� model.9–11 In this
model an integer valued phase field describes the evolution
of the dislocations. The value of the phase field, ��x�, ac-
counts for the number of dislocations that have crossed over
a point in the slip system. Grain boundaries are represented
as barriers to the motion of dislocations and also act as dis-
location sources. The elastic energy of the dislocation en-
semble can be written as9

E���x�� =�– K�k���̂�k��2
d2k

�2��2 − b� ���x�d2x , �1�

where for simplicity, we consider a single slip plane. In Eq.
�1� the first term in the right-hand side is the principal value

of the integral, a superimposed �ˆ� denotes a Fourier trans-
form, ki are the components in the transformed Fourier
space, � is the resolved applied shear stress, b is the Burger’s
vector, and K�k� is a nonlocal kernel that represents the elas-
tic interaction between the dislocations that in two dimen-
sions reduces to
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where � is the Poisson’s ratio and � is the shear modulus.
The second term in Eq. �1� represents the interaction of the
dislocations with the external applied stress. Kernels similar
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to the one in Eq. �2� appear in nonequilibrium critical phe-
nomenon involving an external force and a pinning
potential.10,12–14

The pinning potential in the current model represents a
random distribution of obstacles that describes forest dislo-
cations. The irreversible obstacle interaction is built into the
variational formulation by time discretization. We consider a
sequence of discrete times and compute the phase field dis-
tribution �n+1 at time tn+1, given the solution �n at time tn.
The updated slip distribution follows from the minimization
of the incremental work function

W��n+1��n� = E��n+1� − E��n� +� f�x���n+1�x� − �n�x��d2x .

�3�

The last term in Eq. �3� is the energy cost per unit area
associated with the passage of one dislocation and f�x� rep-
resents the obstacle distribution in the domain.

Grain boundaries are represented as impenetrable surfaces
to dislocations impeding their motion. The confinement of
dislocations to small grain domains predicts, in the current
model, the size dependency of the yield stress. The PFD
model has been applied successfully in the past to predict
grain size dependency of the yield stress.11,15

III. EFFECTS OF GRAIN SIZE DISTRIBUTION

We carry out FPD simulations where we consider poly-
crystals with distributions of two grain sizes. All the configu-
rations are characterized by the size of the small and large
grains and the volume fraction of the big grains, f . Figure 1
shows one of such configurations with f =0.67. In all the
configurations the smallest grain size lies between 10 and 57
nm while the largest grain is in the range 57–108 nm and we
consider f =0.5, f =0.67, and f =0.75. The domain is 115 nm
by 115 nm with periodic boundary conditions. We set the
material constants to Aluminum with E=70 GPa, �
=26 GPa, �=0.35, and b=0.288 nm.

Figure 1 shows the dislocation pattern in a domain with
grain sizes dmin=28 nm and dmax=108 nm, and f =0.67 dur-

ing a loading cycle. The model accounts for dislocation-
dislocation interaction and therefore, naturally accounts for
size effects in the yield stress.11,15 The onset of plastic defor-
mation occurs at higher stresses as the grain size becomes
smaller.

The curve with the filled symbols in Fig. 2 shows the
stress-strain behavior for the system in Fig. 1. The letters in
the curve indicate the macroscopic stress corresponding to
the dislocation patterns in Fig. 1. The other curves in the
figure show the local stress-strain response of the small
grains, dmin=28 nm and the big grains dmax=108 nm. The
dislocation patterns in Figs. 1�B� and 1�D� clearly show a
dark region with high dislocation density close to the grain
boundaries. The pattern �C� corresponds to zero applied ex-
ternal stress and shows that dislocations in the small grains
disappear when the applied stress is removed in the first
cycle. This is in agreement with previous work of Budrovic
et al.16 where in situ x-ray measurements were carried out
during plastic deformation in nanocrystalline Nickel with 26
nm mean grain size. These experiments show that there is no
build up of residual dislocations upon unloading. The same
experiments show that this effect is not observed in polycrys-
talline Cu with average grain size 20 �m.

At point A in Fig. 2 the macroscopic stress curve shows
the onset of plastic response, even though only the big grains
deform plastically, while the small grains remain elastic. This
effect is only observed when the ratio between the grain sizes
is such that the yield stress in the smaller grains is much
higher than in the big grains due to Hall-Petch effect. This
difference in the yield stress causes an inhomogeneous stress
distribution in nanocrystalline samples and were reported in
Al membranes deformed plastically.17 This inhomogeneous
stress distribution is proposed to be the cause of observed
reverse stress relaxation in plastically deformed thin films.18

Figure 3 shows the stress on two grains as a function of
the macroscopic strain during loading and unloading up to
zero macroscopic stress. In this simulation the grains have
size dmin=28 nm and dmax=80 nm and a volume fraction
f =0.5, here the small grains also deform plastically. The
dashed lines correspond to a loading condition with maxi-

FIG. 1. �Color online� Dislocation pattern at stresses �a� �=0.2
�10−2�, �b� �=0.4�10−2�, �c� �=0, and �d� �=−0.4�10−2�.

FIG. 2. �Color online� Stress-strain curve for the macroscopic
polycrystal �filled squares� and local stress strain curves for the
individual grains �open symbols�, �0=10−2�.
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mum average strain �max=0.8% and the solid line corre-
sponds to a maximum strain �max=2%. This figure can be
used to define the yield stress on each individual grain by the
0.2% offset, i.e., the yield stress for each grain is the local
stress at this grain at which the average deformation reaches
0.2%.

Figure 4 shows stress-strain curves for two grains in an-
other configuration with dmin=56 nm and dmax=80 nm, and
f =0.5. The size of the large grain is the same that the one
showed in Fig. 3 and therefore, the yield stress in the large
grain attains the same value. On the other hand, the yield
stress of the small grain decreases as the grain size increases
as expected.1,2

In both cases the resolved shear stress in the small grains
remains in the same direction that the applied shear stress
upon removal of the macroscopic load while in the large
grains the stress changes sign. The simulations show that the
difference in stress between the small and large grains upon
removal of the macroscopic stress, �	, augments with the
maximum macroscopic strain. This inhomogeneous stress
distribution is caused by the variations in grain size that lead
to soft large grains and harder small grains. The same behav-
ior is observed for the whole range of grain sizes in our
simulations. In the following section we show that this inho-
mogeneous stress distribution shown in Figs. 3 and 4 is the

cause of plastic strain recovery with a simplified creep
model.

IV. PLASTIC STRAIN RECOVERY

During plastic deformation there is a large variation in the
state of stress of the individual grains in the simulated do-
main. At zero macroscopic stress the stress in large grains
remains with the same sign that the applied stress while the
stress in the small grains changes sign causing a state of
inhomogeneous residual stress in the sample. After removal
of the applied stress the large grains relax their residual stress
by creep deformation. As a result, a macroscopic strain re-
covery is observed in the polycrystalline sample.

Plastic strain recovery is a thermally activated process, in
the following we will use a classical creep model to model
the evolution of the strain with time of the form:19,20

�̇�t� = �̇0� �

�
	n

, �4�

where � is the resolved shear stress, �̇0 is a scale factor of the
strain rate, and n gives the stress dependency of the strain
rate. When creep is controlled by dislocation glide n
4.20

The strain rate factor, �̇0, incorporates the strain rate control-
ling mechanisms as well as thermal activation as follows:

�̇0 = �̇sre
−Ea/kT, �5�

where k is the Boltzman’s constant, T is the absolute tem-
perature, Ea is an activation energy, and �̇sr depends only on
the strain rate.19,20

Assuming a parallel arrangement of small and large grains
we can obtain a closed form solution for the evolution of the
plastic strain in Eq. �4�. Under this assumption the strain is
equal in the small and large grains and the average resolved
shear stress in the large grains, �b, and the average resolved
shear stress in the small grains, �s satisfy the following rela-
tion:

f�b + �1 − f��s = �m, �6�

where �m is the macroscopic stress of the sample. The re-
sponse of the crystalline system is more complicated but this
simplification will allow us to study the effect of grain vol-
ume fraction, maximum deformation, and grain size. We also
assume that small grains deform elastically in the whole
range of deformation while large grains deform elastically up
to a yield stress, �y. After that, they follow a perfect plastic
deformation law. The stress in the small grains follows a
linear elastic relation �s=��. Therefore Eq. �6� at zero mac-
roscopic stress results

f�0
b + �1 − f���r = 0, �7�

where �r is the macroscopic deformation at zero macro-
scopic stress and �0

b is the stress in the large grains at zero
macroscopic stress. This simplified model shows the same
overall behavior that the simulations shown in the previous
section. In particular, as the macroscopic strain increases the
difference between the stress in the large and small grains
also increases as shown in Figs. 3 and 4.

FIG. 3. �Color online� Local stress versus macroscopic strain for
two grains of size dmin=28 nm and dmax=80 nm, and f =0.5

FIG. 4. �Color online� Local stress versus macroscopic strain for
two grains of size dmin=56 nm and dmax=80 nm, and f =0.5.
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We will assume that the macroscopic creep deformation is
driven by the relaxation of the large grains that undergo plas-
tic deformation. Therefore, the average plastic strain, �r
evolves controlled by the stress in the large grains as

�̇r�t� = �0˙ � �0
b

�
	n

. �8�

Even though this is a simplified model with only two grain
sizes, Eq. �8� reveals that plastic strain recovery by creep
operates only in the presence of inhomogeneous stress dis-
tributions. Also, as the maximum plastic strain increases, our
simulations show that �0

b becomes larger in magnitude in-
creasing the rate of recovery in agreement with
experiments.16

As strain recovery evolves the stress, �0
b decreases in mag-

nitude following Eq. �7�. Replacing Eq. �7� in Eq. �8� we
obtain the following differential equation for �r:

�̇r�t� = �0˙ �1 − f

f
	n

�r
n. �9�

It is clear from this equation that the volume fraction affects
the rate of strain recovery. For a material with a unique grain
size, f =1, the strain recovery rate is zero in agreement with
experiments that show no plastic strain recovery in thin films
with unimodal grain distributions.7 As the volume fraction of
large grains decreases the stress �0

b in the large grains in-
creases in magnitude accelerating the rate of strain recovery.
The evolution of the strain follows from the integration of
Eq. �9� as

�r�t� = ��r�0� − �n − 1��0˙ �1 − f

f
	n

t�1/�n−1�

, �10�

where �r�0�= f��max−�y /�� is the initial macroscopic
deformation.21,22 Figure 5 shows the evolution of the strain at
zero macroscopic stress given by Eq. �10� yield stress in the
large grains of �y =180 MPa, n=4, and �̇0=1�107 s−1.

In Rajagopalan’s7 experiments in Al free standing thin
films the maximum strain is �max=1.4% and the grain vol-
ume fraction f =0.8. The solid curve in Fig. 5 shows the
solution of Eq. �10� for these deformation conditions, the
plastic strain recovers by 50% in 1000 s in very good agree-
ment with the experimental values.

The model predicts a larger fraction of recovery for larger
maximum applied deformation in agreement with experi-
mental observation.16 Figure 5 also shows the effect of
changes in volume fraction, f . As the volume fraction of
large grains decreases the plastic strain recovery rate in-

creases. Our results show that for �max=1.4% and f =0.6 the
plastic strain recovers by 80% and with f =0.4 the plastic
strain recovers by 87% in 1000 s.

V. SUMMARY AND CONCLUSIONS

The present results show that plastic strain recovery is
driven by the inhomogeneous stress distribution in plastically
deformed nanocrystalline materials. Our model shows that
increasing the applied plastic deformation augments the plas-
tic strain recovery in very good agreement with experimental
results.16 On the other hand, for a fixed maximum deforma-
tion �max the recovery rate increases as the fraction of large
grains decreases.

That plastic strain recovery is caused by a grain size dis-
tribution has important implications for the interpretation of
deformation mechanisms in nanocrystalline materials. It was
suggested that plastic strain recovery is driven by grain
boundary accommodation.23 Our simulations do not include
this mechanism but yet predicts the correct behavior. This
implies that plastic strain recovery may be driven by a com-
bination of both mechanisms but at room temperature and
with grains in the 10–100nm range the plastic deformation of
big grains surrounded by elastically deforming small grains
are the dominant mechanisms as suggested also by atomistic
simulations.24 Most important, the present results reveal that
average grain size itself is not enough for a complete char-
acterization of the microstructure in nanocrystalline materi-
als but variations in the grain size distribution should also be
considered.
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FIG. 5. �Color online� Plastic strain recovery dependency on the
volume fraction and maximum deformation.
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